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Abstract
The rapid changes in the present computer architectures throw questions concerning the future of the hardware-
oriented programming based on the usage of heterogeneous parallel computing resources, consisting of nodes
of interconnected, but separate CPUs and GPUs. However, it is believed that the sustainability of the program-
ming efforts nowadays is to be searched in the fact that the principle source of the performance of the present
GPUs as well as the emerging APUs is the hardware acceleration of vectoroperations. Therefore, this contri-
bution delivers an assessment of a hardware-accelerated parallel implementation of a principal algorithm for a
vertically integrated finite difference scheme for free surface flows including non-linear treatment of wetting
and drying. The chosen approach is to expose the fine-grained parallelism of the scheme and execute the whole
computational kernel of the code on a presently available streaming vector processor – a state-of-the-art GPU.
The reached speedups compared to a single CPU core are in the order 20 or 30 for the double or single precision,
respectively, which opens new possibilities for high resolution flood modelling. However, in order to reach this
speedup level the coding must be radically adapted for the vectorised execution.

1 Introduction

Simulation of geophysical phenomena is based on mathematical conceptual models consisting of systems of par-
tial differential equations. Their treatment in a numerical algorithm based on mesh methods leads to the necessity
of solving large, but usually sparse systems of equations, linear or non-linear. From the computational point of
view, a large number of arithmetic operations (like matrix-vector operations) with the ratio of floating point op-
erations per memory access, (i.e. the so-called arithmeticintensity) of 1:1 is to be performed. For this purpose,
computer architectures allowing simultaneous (parallel)processing of long numerical data vectors with a larger
memory bandwidth and capacity are the most adequate. Consequently, this fact led ca. 1980-2000 to the domi-
nance of the specially designed vector computers in the areaof the high-performance computing (HPC). Despite
their clear advantages, these relatively expensive and specialised machines were ca. 1995-2005 systematically
ousted and replaced by massively parallel computers with shared or distributed memory applying specialised
serial processors. Since ca. 2005 with the appearance of relatively low-priced many-core microprocessors, the
dominant HPC architecture is a distributed memory cluster of easily configurable nodes based on mass produc-
tion, standard hardware. Indeed, during the last decade onecould observe the relative decline in the production
of machines specifically designed for high-performance scientific computing compared with a huge increase in
the number and quality of the general purpose commodity hardware, stationary and mobile.

However, the peak performance of a modern standard CPU, a MIMD-processor (multi instruction, multiple
data), is attained for ratios of floating point operation per memory access of 10:1, which does not make it the ideal
choice for intensive operations on vectors and matrices. The present-day large microprocessor-based clusters are
often unable to exploit parallelism finer than one sub-domain (part of data for one processor), with threading
hindered by the memory bandwidth shared by the processor cores and by the memory access latency.

This awkward situation has been addressed by special accelerator or co-processor chip designs dedicated
mostly to the vector computing, like reconfigurable FPGA (field-programmable gate arrays), Cell-BEs (broad-
band engines) and larger vector, SIMD (single instruction, multiple data) units of modern CPUs. However, the
tremendous increase in the performance of widely availableGPUs (Graphic Processing Units) in the last decade,
the new GPU chip and memory designs allowing standard float point computation and the full opening ca. 2007
of the general-purpose programming interface have the potential of making the streaming processors of GPUs

1



the hardware of choice for compute-intensive parallel applications – especially for people without access to large
clusters.

Indeed, the present-day programmer of a parallel machine isconfronted with three types of parallelism to be
dealt with:

1. Fine-grained: compute cores of a GPU or another SIMD accelerator — mostly programming with the
vector/matrix-operations methodology using a specialised language; e.g. with CUDA C (Compute Unified
Device Architecture[25]), OpenCL [26], directives [27] and/or a vector instruction set for a SIMD unit of
the CPU applying a specialised compiler.

2. Medium-grained: using heterogeneous resources within the computational node (CPU cores, caches,
threads) -– the largest programming flexibility, using serial programming and threading, e.g. with OpenMP
[28].

3. Coarse grained: programming with the message-passing communication between nodes of a cluster ap-
plying e.g. MPI [29]. — data decomposition or partitioning methods, clustering.

While the available programming tools allow addressing these parallelism types separately, the combination
of any two or all three in a hybrid system is difficult, case-dependent and the matter of present-day research. This
is especially due to the limitations of the hardware concerning the data transfers across the PCIe bus, i.e. between
the host (CPU cores) and the devices (a single or multiple GPU) memories and beyond one computational node
of a cluster over the interconnecting network. An additional issue in 2011 is the emerging APU (Accelerated
Processing Unit) technology, merging CPU and GPU on one chip, with common caches and accessing the same
memory areas, which would alleviate data transfer latencies and radically simplify the memory management.
With the performance of these new hybrid APUs compared to newGPU designs still to be assessed, there exists
an uncertainty how to adapt the existing CFD codes to the quickly changing hardware architecture.

The author believes that the answer for this ambiguity is to invest effort in exposing the fine-grained paral-
lelism in the existing algorithms because the primary source of the computational performance of the present
GPUs and coming APUs are the hardware-accelerated vector operations. It is not tried in this paper to use the
full range of presently available heterogeneous parallel resources, like computing in a tandem of CPU and GPU
or applying multiple GPUs, but using the CPU for the steeringonly, while bringing the whole computationally
intensive part of the code to the parallel execution on a GPU.Instead of re-implementing of an existing serial,
OpenMP-, or MPI-parallelised code to a GPU with all necessary compromises to be met, only the principal algo-
rithm of a vertically integrated shallow water flow solver isadapted completely for a GPU – with simplified initial
and boundary conditions, but with all typical features and computational load of the scheme. This concentrated,
radical approach allows a clear and undisturbed assessmentwhat speedups are to be awaited when a non-trivial
shallow water solver is adapted for a state-of-the-art vector-parallel processor, a GPU, using presently available
programming tools and libraries.

2 The numerical scheme

2.1 Shallow water equations

For the purpose of reference and convenience, the well knowntwo-dimensional, vertically averaged shallow water
equations in the transient, non-conservative form for the non-rotating Cartesian reference frame are quoted:

H(ut +uux+vuy) =−gHηx+(νHux)x+(νHuy)y+ γTua− γu

H(vt +uvx+vvy) =−gHηy+(νHvx)x+(νHvy)y+ γTva− γv (1)

ηt +(Hu)x+(Hv)y = 0

consisting of two momentum equations and the continuity equation for variablesu(x,y, t), v(x,y, t) as the hor-
izontal, vertically averaged velocity components in thex- and y-direction andη(x,y, t) as the free surface
level (t being the time). The total water depth isH(x,y, t) = max(0,η(x,y, t) + h(x,y)), wherebyh(x,y) is
the given bathymetry. The prescribed horizontal viscosityis denoted byν and the friction terms represent
the combined friction at the bottom and at the free surface due to the wind velocity (ua,va), evaluated as
γBu+ γT(u−ua) = (γB+ γT)u− γTua = γu− γTua. The gravitational acceleration is denoted byg.
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2.2 The semi-implicit finite-difference scheme

The considered solution algorithm is based on the general semi-implicit finite difference method for the shallow
water equations as formulated by Casulli et al. [1, 2, 3, 4, 5]. The rigorous analysis of the governing equations (1)
allows a precise determination of the terms, which have to bediscretised in the implicit way, leaving the terms
uncritical for the stability in the explicit form [1]. In this way a remarkably stable, accurate and computationally
efficient scheme results, which can be also extended from twoto three dimensions [2, 3, 4], including a non-
hydrostatic version [5] without losing the robustness and simplicity. Consistently, the vertically integrated scheme
(2Dxy) is a limit case of the standard 3D-scheme, when only one meshlevel is taken. The resulting codes TRIM-
2D and TRIM-3D have been applied for numerous practical projects and scientific investigations in the past, e.g.
[3, 4, 6, 7].

In this contribution the mentioned above semi-implicit finite difference method is followed with a noticeable
new feature: introducing an extension for an improved, massconservative non-linear wetting and drying treatment
(e.g. tidal flats, a river foreland, etc.). A detailed analysis of this non-linear method is available [13, 14], albeit
formulated for the further development of the given scheme for the orthogonal unstructured mesh (code UNTRIM)
[8, 9, 10, 12]. In the following, the notation applied is consistent with the references cited above for the sake of
convenience.

2.3 The discrete non-linear scheme

The finite difference numerical scheme is formulated on a rectangular, staggered mesh consisting ofNx ×Ny

rectangular polygons of length∆x and width∆y, whereNx andNy are the number of polygons in thex andy
directions, respectively. So defined computational domainΩ is fixed and intended to cover the time-dependent
domain covered by the fluidΩ(t) = {(x,y) ∈ Ω : H(x,y, t) > 0} for the simulation timet ≥ 0 thoroughly. The
scheme is transient, with a discrete time step of∆t and time steps numbered withn. The mesh cells (rectangular
polygons) are numbered with indices(i, j) at their centres, where also the bathymetryhi, j , the position of the free
surface levelηn

i, j and the total water depthHn
i, j at the time stepn are defined. The discrete velocity components

u andv are defined at polygon edges, whereby in the discretised equations the numbering reflecting the position
of the velocity points is chosen:u is defined at half integeri and full integerj, while v at full integeri and half
integer j, so that at the time stepn we have on the four polygon edgesun

i± 1
2 , j

andvn
i, j± 1

2
. Accordingly, also the

bathymetry and the variable total water depth are defined at theu andv edge positions with the same notation,
e.g.Hn

i± 1
2 , j

andHn
i, j± 1

2
. The roughness factorsγT , γ and the viscosityν are also defined separately foru andv

mesh edges. In principle, the scheme allows a representation of the partially wet and partially dry mesh cells
(rectangular polygons), without the necessity to determine the precise distribution of flooded areas in the cell. For
this purpose, the total water depthH is defined in a non-linear way as follows:

H(x,y,ηn) =
∫ ηn

−∞
p(x,y,z)dz= max(0,h(x,y)+ηn) (2)

where an auxiliary functionp(x,y,z) (porosity) is introduced in order to represent the depth distribution:

p(x,y,z) =

{

1 if h(x,y)+z> 0
0 if h(x,y)+z≤ 0

(3)

The computational cells can be described asΩi, j(ηn) = {(x,y) : xi− 1
2

≤ x ≤ xi+ 1
2
,y j− 1

2
≤ y ≤

y j+ 1
2
,where H(x,y,ηn)> 0}; therefore the horizontal wet area of a partially flooded polygonpi, j corresponding

to ηn
i, j can be expressed in terms of the auxiliary function (3) as:

0≤ pi, j (ηn
i, j ) =

∫ x
i+ 1

2

x
i− 1

2

∫ y
j+ 1

2

y
j− 1

2

p(x,y,ηn
i, j)dxdy≤ ∆x∆y (4)

In the consequence, the water depth can vary along the edge according to a given sub-grid distribution. The
cross-sectional area of the water column above the wet edge part (e.g. for au-edge) can be defined as:

An
i+ 1

2 , j
=

∫ y
j+ 1

2

y
j− 1

2

H(xi+ 1
2
,y,ηn

i+ 1
2 , j

)dy (5)

we can define an average total depth along a wet or partially wet edge:
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Hn
i+ 1

2 , j
=

An
i+ 1

2 , j∫ y
j+ 1

2
y

j− 1
2

p(xi+ 1
2
,y,ηn

i, j)dy
=

An
i+ 1

2 , j

∆yn
i+ 1

2 , j

(6)

Where the wetted edge length∆yn
i+ 1

2 , j
can vary in time as well (note the difference to the constant spacing∆y).

The volume in every polygon can be expressed applying the porosity function as:

0≤Vi, j (ηn
i, j ) =

∫ x
i+ 1

2

x
i− 1

2

∫ y
j+ 1

2

y
j− 1

2

H(x,y,ηn
i, j)dxdy=

∫ ηn
i, j

−∞
pi, j (z)dz (7)

With so defined geometry of wetting and drying, one can discretise in the semi-implicit way the momentum
equations of shallow water equations (1) applying theθ-method for the free surface gradients, i.e. weighting with
the implicitness factorθ between time levelsn+1 andn [4]:

(

Hn
i+ 1

2 , j
+∆tγn

i+ 1
2 , j

)

un+1
i+ 1

2 , j
= Fun

i+ 1
2 , j

(8)

−g
∆t
∆x

Hn
i+ 1

2 , j

[

θ
(

ηn+1
i+1, j −ηn+1

i, j

)

+(1−θ)
(

ηn
i+1, j −ηn

i, j

)]

+∆tγTua

(

Hn
i, j+ 1

2
+∆tγn

i, j+ 1
2

)

vn+1
i, j+ 1

2
= Fvn

i, j+ 1
2

(9)

−g
∆t
∆y

Hn
i, j+ 1

2

[

θ
(

ηn+1
i, j+1−ηn+1

i, j

)

+(1−θ)
(

ηn
i, j+1−ηn

i, j

)]

+∆tγTva

whereFu = Hu∗ +∆t[(νux)x + (νuy)y]
∗ is an explicit, non-linear finite difference operator containing explicit

discretisation of the advective and viscous terms, to be discussed later. The termγT concerns the wind friction
with a prescribed wind velocity(ua,va) and the termγ = rB

√

u2∗+v2∗ represents the bottom friction evaluated
after applying the advection and diffusion operator on the velocity.rB is friction coefficient, which can be defined
in many ways, e.g. in the Chézy formulationrB = g/C2

z . Due to the fact thatηt = Ht , one obtains by integrating
the continuity equation of (1) in the cell area the followingexpression:







x
i+ 1

2∫

x
i− 1

2

y
j+ 1

2∫

y
j− 1

2

Hi, jdxdy







t

+

y
j+ 1

2∫

y
j− 1

2

[

(Hu)i+ 1
2
− (Hu)i− 1

2

]

dy+

x
i+ 1

2∫

x
i− 1

2

[

(Hv) j+ 1
2
− (Hv) j− 1

2

]

dx= 0 (10)

Noticing that the first integral in (10) represents the volume and the averagedu is constant along they edge (andv
is constant along thex edge) we get a finite volume form of the continuity equation representing a precise volume
balance in a cell(i, j):

Vi, j (ηn+1
i, j ) =Vi, j (ηn

i, j )−θ∆t

[

An
i+ 1

2 , j
un+1

i+ 1
2 , j

−An
i− 1

2 , j
un+1

i− 1
2 , j

+An
i, j+ 1

2 , j
vn+1

i, j+ 1
2
−An

i, j− 1
2
vn+1

i, j− 1
2

]

−(1−θ)∆t
[

An
i+ 1

2 , j
un

i+ 1
2 , j

−An
i− 1

2 , j
un

i− 1
2 , j

+An
i, j+ 1

2 , j
vn

i, j+ 1
2
−An

i, j− 1
2
vn

i, j− 1
2

]

(11)

whereby the velocity is dicretised with theθ-method [4]. Introducing the equations (8-9) to (11) and taking
account of the equation (6) one obtains an equation system for ηn+1

i, j :

Vi, j (ηn+1
i, j )−θ2g

∆t2

∆x

[

(

∆yH2

H +∆tγ

)n

i+ 1
2 , j

(

ηn+1
i+1, j −ηn+1

i, j

)

−
(

∆yH2

H +∆tγ

)n

i− 1
2 , j

(

ηn+1
i, j −ηn+1

i−1, j

)

]

−θ2g
∆t2

∆y

[

(

∆xH2

H +∆tγ

)n

i, j+ 1
2

(

ηn+1
i, j+1−ηn+1

i, j

)

−
(

∆xH2

H +∆tγ

)n

i, j− 1
2

(

ηn+1
i, j −ηn+1

i, j−1

)

]

(12)

= bn
i, j
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with the right hand side vectorbn
i, j containing all known terms in equation (12) at the time leveln. Denoting for

brevityGx = Fu+∆tγTua andGy = Fv+∆tγTva one obtains forbn
i, j :

bn
i, j =Vi, j (ηn

i, j )

−θ∆t

[

(

∆yHGx

H +∆tγ

)n

i+ 1
2 , j

−
(

∆yHGx

H +∆tγ

)n

i− 1
2 , j

+

(

∆xHGy

H +∆tγ

)n

i, j+ 1
2

−
(

∆xHGy

H +∆tγ

)n

i, j− 1
2

]

−(1−θ)∆t
[

(∆yHu)ni+ 1
2 , j

− (∆yHu)ni− 1
2 , j

+(∆xHv)ni, j+ 1
2
− (∆xHv)ni, j− 1

2

]

(13)

The non-linearity of (12) is caused by the definition ofVi, j(ηn
i, j), being the integral of the piece-wise constant,

but discontinuous functionp. Introducing a new variableζm
i, j = ηn+1

i, j , the equation set (12) can be written in a
compact form:

V(ζ)+Tζ = b (14)

whereV is theNxNy-long vector of cell volumes andb is defined by (13). The structure of theNxNy ×NxNy

matrix T can be analysed taking (12) into account. Denominating for clarity R= ∆xH2/(H + ∆tγ) and S=
∆yH2/(H +∆tγ):

ti, j = θ2g
∆t2

∆x

(

Si+ 1
2 , j

+Si− 1
2 , j

)

+θ2g
∆t2

∆y

(

Ri, j+ 1
2
+Ri, j− 1

2

)

,

ti+ 1
2 , j

=−θ2g
∆t2

∆x
Si+ 1

2 , j
, ti− 1

2 , j
=−θ2g

∆t2

∆x
Si− 1

2 , j
(15)

ti, j+ 1
2
=−θ2g

∆t2

∆y
Ri, j+ 1

2
, ti, j− 1

2
=−θ2g

∆t2

∆y
Ri, j− 1

2

The matrixT is clearly penta-diagonal with the main diagonal being a sumof contributions from all surrounding
edges of a cell(i, j). The values stemming from neighbouring mesh cells reside inthe side diagonals. So structured
matrix satisfies conditions for the convergence of the Newton method of solving non-linear equations. Rewriting
(14) in the canonical form:

f = V(ζ)+Tζ−b = 0 (16)

and denoting withm the Newton iteration index one obtains the classical form ofthe scheme:

ζm+1 = ζm+∆ζ = ζm− [f′(ζm)]−1f(ζm) = ζm−
[

V′(ζm)+T
]−1

[V(ζm)+Tζm−b] (17)

The derivative of the cell volumeV′(ζ) = pi, j(ζm
i, j) according to the definition (7) is a single-diagonal matrix

with non-negative values, to be added toT in (17). Indeed, due to (7) we have at the diagonal ofV′ values of
0< pi, j < ∆x∆y for partially wet,pi, j = ∆x∆y for wet cells and zero valuespi, j = 0 otherwise. In the exceptional
cases of cells(i, j) being completely dry and surrounded by dry cells, a line fromthe system matrix must be
eliminated (or the diagonal term just set to one). Each iteration of the Newton method (17) can be performed
applying the conjugate gradient method solving for∆ζ in [V′(ζm)+T]∆ζ = f, with the pre-conditioning necessity
depending on the numbering scheme of the cells.

The iterations are continued until a given accuracyε is reached in terms of a vector norm,|∆ζ| ≤ ε. Due to
the mild non-linearity of the system, the number of iterations required is very moderate, with only one iteration
if the wet-dry pattern does not change. The formal discussion the nonlinear method can be found in [13] (for an
unstructured mesh).

After finding the new water levelsηn+1
i, j , the the velocity components can be computed from the momentum

equations (8-9) and the new water depths per edge are found applying (6).
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2.4 The discrete linear scheme

One can obtain easily a version of the free surface equation (12) which does not take the sub-grid geometry into
account by setting the constant spacing instead of the variable wetted edge length∆yn

i± 1
2 , j

= ∆y, ∆xn
i, j± 1

2
= ∆x.

Assuming that we consider the the completely wet cells only we can divide both sides of equation (12) by the
total cell area∆x∆y:

ηn+1
i, j − θ2g

∆t2

∆x2

[

(

H2

H + γ∆t

)n

i+ 1
2 , j

(

ηn+1
i+1, j −ηn+1

i, j

)

−
(

H2

H + γ∆t

)n

i− 1
2 , j

(

ηn+1
i, j −ηn+1

i−1, j

)

]

− θ2g
∆t2

∆y2

[

(

H2

H + γ∆t

)n

i, j+ 1
2

(

ηn+1
i, j+1−ηn+1

i, j

)

−
(

H2

H + γ∆t

)n

i, j− 1
2

(

ηn+1
i, j −ηn+1

i, j−1

)

]

= bn
i, j (18)

whereby the right hand sidebn
i, j is written as follows:

bn
i, j = ηn

i, j − θ
∆t
∆x

[

(

HGx

H + γ∆t

)n

i+ 1
2 , j

−
(

HGx

H + γ∆t

)n

i− 1
2 , j

]

− θ
∆t
∆y

[

(

HGy

H + γ∆t

)n

i, j+ 1
2

−
(

HGy

H + γ∆t

)n

i, j− 1
2

]

(19)

− (1−θ)
∆t
∆x

[

(Hu)ni+ 1
2 , j

− (Hu)ni− 1
2 , j

]

− (1−θ)
∆t
∆y

[

(Hv)ni, j+ 1
2
− (Hv)ni, j− 1

2

]

Defined on a finite difference mesh ofNx×Ny polygons, the equations (18-20) form a linear equation system of
NxNy equations with a sparse, penta-diagonal matrix forηn+1

i, j . Due to the fact that the water depthsHn+1
i± 1

2 , j
, Hn+1

i, j± 1
2

are non-negative, the system is positive-definite and symmetric and can be solved by conjugate gradient methods
even without applying the nonlinear Newton iteration scheme. Completely dry cells have to be detected and
removed from the equation system. However, even when the cell edges are treated completely wet or completely,
the non-linear scheme described in the previous section 2.3does not loose its generality and opens the possibility
of moving the shoreline more than one (whole) cell during a single time-step.

After obtaining the new water levelsηn+1
i, j , the velocity components can be computed from the momentum

equations (8-9) and and the new water depths per edge are found applying (6).

2.5 Discretisation of advective and viscous terms

The advective and viscous terms are discretised using an explicit formulation. If it is appropriate to neglect the
advection and horizontal viscosity terms, the operatorF in (8) and (9) reduces toFun

i+ 1
2 , j

= Hn
i+ 1

2 , j
un

i+ 1
2 , j

.

If the Courant-number-independent Eulerian-Lagrangian discretisation for the advection is applied (i.e. the
method of characteristics), with a simplification the viscosity terms(1/H)∇ · (Hν∇u) to the form∇ · (ν∇u)), one
can exemplarily write for theu component:

Fun
i+ 1

2 , j
= Hn

i+ 1
2 , j

u∗i+ 1
2 , j

+∆t
[

(νux)x+(νuy)y
]∗
i+ 1

2 , j
(20)

whereu∗
i+ 1

2 , j
is the velocity at the time leveltn interpolated from the surrounding grid points at the foot ofthe

Lagrangian trajectory obtained by integrating the velocity starting at the velocity node(i + 1
2, j) backward in

time from tn+1 to tn. [(νux)x(νuy)y]
∗
i+ 1

2 , j
is the discretisation of the horizontal viscosity term alsoat the foot

of the Lagrangian trajectory. The methodology is describedin detail for rectangular meshes in [1, 2] for linear
interpolation and in [7] for the quadratic interpolation. If a classical upwind method (with the Courant number
limitation on the time step) is applied for the advection [1], F is a sum of advectiveFadv and viscousFvisc

contributions.
For the purposes of the performance-oriented investigations described in this paper, one chooses for the

advection an upwind scheme with constant or variable∆t < ∆x/|u|max:
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Am =
1
2

(

1
2
(un

i+ 3
2 , j

+un
i+ 1

2 , j
)− 1

2
|un

i+ 3
2 , j

+un
i+ 1

2 , j
|
)

Ap =
1
2

(

1
2
(un

i− 1
2 , j

+un
i+ 1

2 , j
)+

1
2
|un

i− 1
2 , j

+un
i+ 1

2 , j
|
)

Bm =
1
2

(

1
2
(vn

i, j+ 3
2
+vn

i, j+ 1
2
)− 1

2
|vn

i, j+ 3
2 , j

+vn
i, j+ 1

2
|
)

(21)

Bp =
1
2

(

1
2
(vn

i, j− 1
2
+un

i, j+ 1
2
)+

1
2
|vn

i, j− 1
2
+vn

i, j+ 1
2
|
)

Fadvun
i+ 1

2 , j
= un

i+ 1
2 , j

− ∆t
∆x

[

Am(u
n
i+ 3

2 , j
−un

i+ 1
2 , j

)+Ap(u
n
i+ 1

2 , j
−un

i− 1
2 , j

)
]

− ∆t
∆y

[

Bm(u
n
i+ 1

2 , j+1−un
i+ 1

2 , j
)+Bp(u

n
i+ 1

2 , j
−un

i+ 1
2 , j−1)

]

Fadvvn
i, j+ 1

2
= vn

i, j+ 1
2

− ∆t
∆x

[

Am(v
n
i+1, j+ 1

2
−vn

i, j+ 1
2
)+Ap(v

n
i, j+ 1

2
−vn

i−1, j+ 1
2
)
]

(22)
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and for the viscous terms central differences:
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+
ν∆t

∆x2

(

vn
i−1, j+ 1

2
−2vn

i, j+ 1
2
+vn

i+1, j+ 1
2

)

It must be noted that there are numerous possibilities for defining the explicit advectionFadv and diffusionFvisc

operators, whereby the conservative advection schemes valid for all flow regimes by the presence of wetting and
drying are especially attractive for models applying staggered finite difference grids [15, 16].

3 Parallel implementation

3.1 The algorithm to be implemented

The algorithm to be implemented can be sketched as follows:

• Mesh and geometry setup

• Initialisations and allocations

• The time loop:

– Finding water depthsHn
i, j , Hn

i± 1
2 , j

, Hn
i, j± 1

2
, including wetting and drying

– Setting the new time step∆t for the time leveln

– Explicit advection and diffusion operatorsFun
i± 1

2 , j
, Fvn

i, j± 1
2

– Assembling the linear parts of free surface matrixT and the right hand vectorb

– Newton iterations for the new elevationζm = ηn+1
i, j until |∆ζ|= |ζm−ζm−1| ≤ ε:

∗ Computing withζm the right hand vectorf(ζm) = V(ζm)+Tζm−b
∗ Setting the nonlinear part of the free surface matrixV′(ζm) and adding it toT
∗ Solving iteratively the linear equations set[V′(ζm)+T]∆ζ = f(ζm)
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– Obtaining new velocitiesun+1
i± 1

2 , j
, vn+1

i, j± 1
2

– Optional output

The principle semi-implicit algorithm is compact enough tobe quickly implemented using any appropriate com-
puter language or mathematical software, which allows experimenting with various implementation approaches
as the programming paradigms evolve. With an exception for the new non-linear wetting and drying the algo-
rithm is similar to the numerical kernel of the TRIM-2D code [2, 3] which can be embedded in a sophisticated
modelling software for general purposes [6].

3.2 Approach

Although there exist a serial implementation of a similar scheme as the numerical kernels of the TRIM-2D and
TRIM-3D codes [2, 3], as well as special vectorised and shared-memory parallelised (OpenMP) versions [6], the
approach chosen in this paper is to write a new code almost from a scratch using the previous implementations
as a reference. One reason for this that these legacy FORTRAN codes do not implement the non-linear treatment
of wetting and drying which has been introduced for the successor program UNTRIM applying non-structured
meshes [8, 9, 13, 14]. Another reason is that pre-studies with these codes applying OpenMP-like accelerator
directives as well as CUDA FORTRAN [27] have shown that up to date, the radical aim of bringing possibly the
whole code to the GPU is better achievable using CUDA C [25] orOpenCL [26] due to the larger experience of
the scientific community with these languages and already existing, ready-to use, but computer language-specific
vector-parallel numerical libraries. This approach does not exclude a re-implementation of this relatively compact
piece of code in the form of a numerical kernel into other languages later on as the programming paradigms
evolve, especially in sight of the new hardware developments, like APUs (Accelerated Processing Units).

The principle aim of the study is to assess the economy of the hardware-oriented programming in a set-
ting allowing experiments with different hardware-aware approaches taking advantage of the presently available
tools. Confronted with promising results of hardware-aware programming paradigms, there is an ongoing dis-
cussion how to deal with larger, complex (legacy) CFD codes,with different proposed solutions. Exemplarily,
the approaches vary from adapting the fairly most computationally intensive parts [17], semi-automatic scripts
for porting parts of the code to kernels running on GPUs [18] to thorough re-implementations – from simpler
(explicit) codes [19] to complete re-writes of more complexsolvers [20].

In this particular case the code has been written in C++ language from a scratch, using a basic serial code for
the reference in terms of solution correctness in all stagesof the development. So far as possible, the presently
available versions of THRUST [24] and CUSP [23] numerical libraries have been applied. THRUST is a library of
parallel linear algebra algorithms based on vector operations with an application interface resembling the C++
Standard Template Library. Similarly, CUSP is a library of generic parallel algorithms for sparse matrix and
graph computations. Both libraries are written in CUDA C with C++ extensions and apply CUDA kernels for
arithmetically intensive operations. It must be noted, that codes using THRUSTand CUSP libraries are able to run
also on serial hosts without change. Both libraries have been applied for a consistent host and device memory
management, transferring single loops of the serial code into GPU kernels, as well as for a specialised conjugate
gradient solvers. For more complex parts of the code, like the advection scheme, CUDA C kernels without
using the mentioned above libraries have been written together with their serial equivalents for performance
comparisons. The main reason of applying the ready-to-use numerical libraries is the fact that they simplify
maintaining a clearly vector-oriented code structure and that they can be easily adapted to other programming
language than the hardware-specific CUDA C by just replacingthe kernels for basic operations.

Mesh, bathymetry and elevation initialisations are realised on the host (CPU), then transferred to the device
(GPU), whereby the geometry data residing on the host is applied later for interpolations on the staggered mesh
and for input/output. Although generally controlled by theCPU, the whole time loop is executed solely on the
GPU with an exception of input/output: results must be transferred from GPU to CPU, because only CPU can
read/write files. The issue of the necessity of the costly data transfer from the device to the host for the output can
presently be solved e.g. by applying CUDA streaming technology, allowing hiding host-device transfer latencies
by overlapping of computing and data transfer and using the host for post-processing the data for output. However,
I/O issues are less relevant for a study concerning a computational core, which is supposed to be embedded in
an industrial modelling software. Additionally, the data transfer latencies should be alleviated by the emerging
APU (Accelerated Processing Unit) technology, merging CPU and GPU on one chip, which would also remove
the necessity of the specific management of the separate hostand device memories. As mentioned above, the key
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issue is that for both GPU and APU as well as SIMD-processors of present CPUs the vectorisation of the code is
crucial for performance.

Due to the application of the vector-oriented THRUST and CUSP libraries and introduction of the compact
CUDA kernels, the structure of the code is thoroughly different compared to the reference serial code: virtually
every loop concerning data vectors changed, there are separate allocations for the host and device and explicit
data transfers device-host appeared. The resulting code resembles legacy codes for vector computers applying
intensively standard mathematical libraries and/or special routines guaranteeing the correct vectorisation of the
code, like e.g. TELEMAC [21]. It must be noted that the vectorisation of the code using THRUST and CUSP

libraries has brought a slow-down in the purely serial execution by about 10% and in specific cases even up to
20% (clearly because of CPU cache misses) – this is the price of re-writing the code for stream processors, which
introduces data structures inadequate for a cache-oriented CPU.

4 Results

4.1 Verification

The verification and validation of the algorithm with in its different implementations has been performed with nu-
merous test cases, presented e.g. in references [2, 3, 6, 11,14]. For the sake of completeness, a clearly non-linear
verification test case based on the analytical solution presented by Thacker [22] is considered here, concerning
a periodic motion of a circular shallow water body, with an axisymmetric paraboloid bottom. The initial free
surface profile is also paraboloid, bulged upward; the initial velocity is set to zero. Under the influence of gravity,
a periodic motion develops, with a period ofT = 2π/ω, whereω is the frequency of the ongoing motion. The
position of the circular shoreline oscillates axisymmetrically, advancing and retreating from the natural rest posi-
tion. Taking as a reference the rest position of the system, i.e. the horizontally flat free surface, and de-nominating
ash0 the water depth in the middle of the body, asL the radius of the equilibrium shoreline and asη0 the initial
displacement of the bulged free surface in the middle of the domain, the equations of motion can be derived as
follows [22]:

η(x,y, t) = h0

{ √
1−A2

1−Acosωt
−1− x2+y2

L2

[

1−A2

(1−Acosω)2
−1

]

}

u(x,y, t) =
1

1−Acosωt

(

1
2

ωxAsinωt

)

(24)

v(x,y, t) =
1

1−Acosωt

(

1
2

ωyAsinωt

)

where the frequency of the motionω and the parameterA are:

ω =

√
8gh0

L
, A=

(h0+η0)
2−h2

0

(h0+η0)2+h2
0

(25)

For the verification purposes, the geometrical parameters have been chosen toL = 4.0, h0 = 0.2m, η0 = 0.01m.
The square computational domain measures 10m× 10m, with both co-ordinatesx, y varying between -5m and
+5m, with the resolution 2000×2000 one obtains∆x = ∆y = 0.005m. For this set of parameters, the resulting
period of motion isT = 6.34s and computation is performed with the time step∆t = 0.005s for 50s, i.e. for
over 7 periods of motion. The case is inviscid,ν = 0 and without roughness,γ = γT = 0. The conjugate gradient
solver accuracy is set to 10−10 and for the Newton iterations 10−12, resulting in moderate number of inner (CG)
iterationsO(10) and up to 3 outer (Newton) iterations due to wetting and drying. The free surface movement
is shown in Figure 1 in time series for two de-central positions at(x,y) = (−2,0)m, (−1,0)m and the central
position(x,y) = (0,0)m, where also the analytical solution (24) forη is plotted for the reference.

One obtains a very good agreement of the period and amplitudeof the motion compared to the theory. How-
ever, the amplitude of the motion diminishes slightly to below 98% of the initial value after 7 periods, which is
(besides numerical diffusion) due to the chosen implicitness parameterθ = 0.65 and the imperfection in repre-
senting the axisymmetric case (initial and boundary conditions, circular shoreline) using a mesh of rectangles.
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Figure 1: The elevation changes in three points of the domain,for y= 0m and two de-central positionsx=−2m, andx=−1m (dashed lines)
and the central position with 0m, solid line. For the central position(x,y) = (0,0)m the analytical solution is plotted for comparison (dotted
line).

4.2 Performance

The computer system applied for performance testing is a good quality, but mass-production PC equipped with a
4-core Intel Xeon CPU X5570 working at 2.93GHz with 8MB cachein tandem with a off-the-shelf commodity
graphic card GeForce GTX 480 working at 1.4 GHz, with 1.5GB memory, 15 multiprocessors and 480 stream
processing units, having CUDA compute capability 2.0. Thisgraphic card, featuring the Nvidia Fermi chip, allows
computing in double precision without larger performance penalties compared to the single precision execution
which were typical for the predecessor Nvidia GPUs (e.g. GT200 series).

Because of the interest on the performance of the computational kernel only, the reached speedups are given
only for the time loop part of the algorithm presented in section 3.1 and without output. The comparisons ignore
therefore also the GPU initialisation time, for this type upto ca. 1.5s. By ca. 1.5GB GPU memory of the given
GPU type, the resolution up to ca. 4.5 million mesh cells in double precision and 9.5 million cells in single
precision is possible.

The results are presented in Table 1 concern speedups reached applying four test cases, all of them relatively
simple and schematic, but taking into account the typical features of the given scheme: (1)Nonlin – the test
case described above in the section 4.1, but computed implicitly and with viscosity and bottom roughness; (2)
Sloshing– a small amplitude standing wave in a rectangular basin withan initial flat, sloped free surface (no
wetting and drying); (3)Lake– similar sloshing, but in a parabolic-bottom round lake (drying and wetting on
all shores) but in contrast to case (1) with an initial flat, sloped free surface and in deeper domain; (4)Waves–
waves generated by an initial bump on the free surface attacking shores of a Gaussian hill shaped island with
wetting-drying and reflections from sides of a rectangular domain. In all cases the same, quadratic mesh covers
the rectangular domain of 10m× 10m with water depths for the cases (2-4) in the range of 1m; the time step∆t
varies between 0.001s and 0.005s; 100 time steps are executed. The resolution∆x= ∆y can be deduced from the
Table 1, it varies between 0.0033m and 0.01m. The solver accuracies are set exactly as in the verification test case
described above, and the implicitness factorθ = 1. In all cases a relatively small bottom roughness of Manning
0.001[−] and small horizontal viscositiesνx = νy = 10−4m2/s are applied.

The reached speedups for the time loop are consistentlyO(20) or O(30) for the execution applying double
and single precision floating point numbers, respectively,compared to the execution of the same code on one of
the CPU cores. The speedupsO(40) for thewavestest case are ignored due to the fact that the serial reference
case performed sub-optimally due to cache misses of the vectorised code on the CPU.
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Table 1: Performance of the2Dxyscheme

example precision resolution speedup

(1) Nonlin single 1000× 1000 27
2000× 2000 29
3000× 3000 28

(1) Nonlin double 1000× 1000 21
2000× 2000 20

(2) Sloshing single 1000× 1000 32
2000× 2000 32
3000× 3000 30

(2) Sloshing double 1000× 1000 23
2000× 2000 22

(3) Lake single 1000× 1000 32
2000× 2000 34
3000× 3000 33

(3) Lake double 1000× 1000 24
2000× 2000 23

(4) Waves single 1000× 1000 30
2000× 2000 43
3000× 3000 42

(4) Waves double 1000× 1000 20
2000× 2000 20

5 Conclusions and outlook

5.1 Conclusions

It is demonstrated that a successful ground-up adaptation of a non-trivial two-dimensional numerical scheme for
free surface flows for the streaming processors (GPU) is possible with a relatively small effort, even if one re-
lies for the performance on the ready-to use numerical libraries. The critical issue is to adapt not only the most
performance-critical parts of the code, but its possibly large, contiguous parts to be executed on the GPU com-
pletely. In this case such contiguous part contains the whole time loop with assembling of matrices, solution of
a linear equation inside outer, non-linear iterations set as well as all necessary depth and velocity updates. The
considerable speedup (in the order of 20 or 30 for the double or single precision, respectively) compared to a
single CPU core and the fact, that for this simple computational scheme computations using a few millions of
cells on a single, commodity GPU are possible, opens a clear potential to increase the time and space resolution
applying standard, off-the-shelf hardware. However, for this purpose, the algorithm adaptation radically changes
the code structure towards a vector-oriented one, which brings some drawbacks for the serial execution of the
same code. This confirms the well-known fact that a thorough re-programming of crucial parts of legacy codes is
necessary for performance on the GPU only. On the other hand,it is believed that this vector-oriented program-
ming method – also with application of numerical libraries –is sustainable enough in the light of the upcoming
new computer architectures, where the performance is to be searched not only in the massive parallelism in terms
of the processor unit numbers, but also in the hardware-acceleration of vector operations. The remaining issues
concerning the specific software implementation as the programming paradigm evolves should not be critically
large for a small, compact computational kernel.

5.2 Outlook

The promising results for the vertically integrated 2D scheme suggest that an extension of this methodology to
three dimensions [2, 5] should also bring good results. Witha specific pre-sorting of the mesh adequate for the
streaming processor structure [19], the adaptation of the equivalent unstructured scheme [9] should be feasible.
The developed code is a useful and ready-to-use tool for testing implementations of further developments, like
the very promising sub grid methods [13, 14] or conservativeadvection schemes [15, 16]. The aimed application
area of the resulting codes are studies concerning flooding and drying in highly resolved larger domains, requiring
excellent numerical efficiency while maintaining the detail.
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