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Abstract

Thetheoretical background of a new finite—element non—-hydrostatic model for
simulationof free surface flows based on the fracticstap method and pressure de
compositionis presented. One of the verification cases concethangolitary wave
propagations provided. Further developments concerning more sophisticated tur
bulencemodelling for practical applications as flows around structures or scour
formationare discussed and illustrated with prelimindytvery promising results.

I ntroduction

The standard version of the code used for simulations presented in thisTpaper
lemac3D, solves numerically the three—dimensional shallow water equations for in
compressibldree surface flows. The typical application domains of this model are
geophysical free surface flows with complex geom@the code was developed in
LaboratoireNational d’'Hydraulique (Electricité de France, EDF) in Chatou by Paris,
basedon the experience gained with a two—dimensional detlsnac2D (Galland,
1991).A description of the three—dimensional, hydrostatic algorifhetenac3D)
is given by Janin et al. (1997).
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Telemac3D uses the finite element method for the numerical solution. The mesh
consistof a constant number of tiers of prismalements over the whole computa
tional domain, so that advantage of thetransformation can bi@ken. The interpota
tion functions are lineamwhichis a good compromise between the approximation
accuracyand the required computationalaet. The algorithm is based on tbpera-
tor splitting technique which yields a significantly moduégorithm structure. The
codeis fully vectorised using the element—by—element method and can be-paralle
lised by domain decomposition. For solution of the linear equations appearing in var
iousalgorithm steps, iterative solvers are used.

The non-hydrostatic version of the code removes the previously existing-limita
tions due to the hydrostatic approximation which is intrinsic in the three—dimen
sionalshallow water equationswb important aspects are addressed. First, the verti
cal acceleration in free surface incompressible flows is taken into consideration by
solvingthe vertical momentum conservation equation. Second, the free surface com
putationmethod allows simulatioaf its movements without limitations typical for
shallowwater equations, as the restriction to long waves or to gentle slopes of the
free surface and the bottonin following the theoretical background of the non—hy
drostaticmodel is outlined.

Non-hydrostatic model formulation

Thetime (t) dependend hydrodynamic equation set to be solved congisés of
three—dimensionaquation of motion (Navier—Stokes), the continuity equathu,
transportequation for a tracer (temperature, salimgssive dfluent concentration),
equationof state and an equation for the free surfa@gtion. It is formulated for
geophysicafree surface flows in the non—inertial, orthogonal Cartesian co—ordinate
system(x,y,2) connected with the surface of the earth. z poiattically upward in
thedirection of—g, the acceleration of gravitfhe dependend variables aedocity
u = (u,v,w) and the free surface position S, as well as the pressure p. In osder to
plify the basic form of the equations, a number of assumptions, approximations and
simplificationsis met. The flow is assumed to be incompressible, so that the density
o can be obtained from a separate equation of Sthtevariations of densito
aroundan average flow density are assumed to be small, so that the Boussinesq
approximations valid. The eddyiscosity (or difusivity) concept is introduced to
dealwith the fluid turbulence. Leaving the description of the free surface to the next
sectionsthe set of the governing equations can be written as follows:
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In the equation of state (4) the dens#ya function of transportedttive tracers,
astemperature ,Tsalinity s and/or suspended matter concentration c, but not of the
pressureThe tracer transport is described using the transport equations (the equation
for temperature (3) is cited above) including a source tgtivagious turbulence
modelscanbe applied in order to obtain the values for eddy viscostyd eddy di
fusivity v1. The non-inertiality of the co—ordinate system is taken into consideration
by introducing the Coriolis force term, whe@®is the angular velocitgf the eartts
rotationrelative to the inertial system fixed to the distant stars.

For free surface tracking tHeight function method is applied. This technique
Is based on treating the free surface directly as a moving boufidarydistance be
tweenthe interface and a given reference levelakkulated from a separate equation.
Therefore|t requires that the free surface can be represented by a single—vatlue func
tion (height function) S (x y, t) with respect to one of the co—ordinate directions. This
approactoffers a simple and robust method of simulating environmentastndace
flows. However the restriction to single valued functions exclude some classes of
flows, as e.g. breaking surfaces, bubbles, drops.

Two most widely used equations for tracking the free surfacekiti@enatic
boundary condition and theconservative free surface equation are implemented. The
first equation is obtained from kinematic conditions concerning the free surface par
ticles:

a—S+usg—§+vsg—§—ws=0 (5)
wherethe sufix sindicates the velocity components at the free surface. The latter
equationis obtained from integration of the continuity equation over the depth from
the bottom z = —B(x,y) tthefree surface = S(x,yt), using the kinematic boundary
condition (5) and the impermeability condition at the bottom (similar to (5)). The
obtainedconservative form of the free surface equation is:
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Both equations mentioned above are hyperbolic. The main advantage of the con
servativeequation is that it includes the proper boundary conditions at the bottom
andat the free surface. This approach brings a method of finding the free surface
location while automatically satisfying the mass conservation criterion. However
the kinematic boundary condition allows easier implementation of some specific
boundaryconditions, as e.g. non-reflecting ones.

Thetreatment of pressure is one of the most characteristic and important features
of the realised algorithm ansl discussed in detail. The main idea of the new non-hy
drostaticmodel is to decompose the pressure intopiwgsically interpretable parts,
thehydrostatic andhydrodynamic pressures, the lattereated as a form of a correc
tion to the formerIn contrast to the internal flows the free surface flows the pres
sureterms in the momentum conservation equation (1) can be separated into two
terms,consisting of thdydrostatic pressure py, which can be explicitly computed,
andthe hydrodynamic (motion) pressure it, which can be found e.g. by solving a Pois
sonpressure equation. Therefore, in following, the global pressurdgeasmposed
into a sum:

Pp=py+m (7)

The hydrostatic pressurgqyran be computefilom the free surface elevation and
thelocal fluid densityo(x,y,z) field by integrating the equation of hydrostatics

Py _
57 — — P9 (8)

in the water column, which yields:
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As a result otthis decomposition, free surface gradients independent of the den
sity (barotropic part), horizontal gradientsf the pressure resulting from density-dif
ferencegbaroclinic part) and gradients of the hydrodynamic pressure appear in the
horizontalequations of (1) for u and in the vertical equation (for w) only the verti
cal gradient of the hydrodynamic pressure remains. Equation (1) transforms to:
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The hydrodynamic pressure canbe found from a pressure Poisson equation.
Dueto the algorithm structure of the model described here, a special form of this
equationis applied, namely tharessure Poisson equation from fractional step for-
mulation. This equation is obtained from thiene—discretised form of the Navier—
Stokesequations. In the solution algorithm the velocity time derivative is treated ex
plicitly and can be split into:
+l_§g -
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wherel is an intermediate solution for the velocity field, whades not need to sat
isfy the incompressibility condition. In this way equation (&é@h be transformed
into an equation containing all terms but hydrodynamic pressure gradientsasd a
ondone containing them exclusively:
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Takinginto consideration that thresulting fieldu™** must fulfil the incompress
ible continuity equation (2), the following form of the Poisson equation for the hy
drodynamicpressure can be derived from (13):
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Consequentlythe equation (13) can be used to find final (and divegence—
free)velocity field at the time level n+1.

Theboundary conditions for the Poissequation for the hydrodynamic pressure
(14) require attention. For example, it should be realised that setting the imposed (Di



richlet) value of zero for hydrodynamic pressure at a boundary has the physical
meaningof applyingpurely hydrostatic pressure there. Hydrostatic pressure means
no fluid motion, or that hydrostatic approximation is assumed teabé. The hydre

static approximationt = 0 is an acceptable boundary condition for op&fow
boundary sections, where the velocity is thoroughtjefined and its divegence is

zero. For viscous flows, at the open boundaries anttee surface, the dynamic
boundaryconditions can be implemented:

n = pvu - Vu, (15)

whereoutside pressures and stresses (id) are neglected for simplicity amd
representghe normal vectoto the boundaryPhysical reasoning yields that for those

outflow sections wheren - Vup = 0, the expressiom - Vx = 0 is also valid. A
Neumannboundary condition for the pressure Poisson equation (14) ablibe
walls or at thebottom can be obtained from the equations (13) and the impermeability

conditionfor the final velocityn - u"** = 0, which yields:

Po -
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Condition(16) imposes another constraint upon the hydrodynamic pressure field
to be obtained from (14). Namely should provide not only the final solenoidal field
butalso the fulfillment of the impermeability condition at the salalls. The disad
vantage of this method lies in fact that it requires a very good approximation-of pres

surederivatives at boundaries. Howeythre values of!n are set to 0 by already-ap
plying the incompressibility boundary condition in the hydrostatic part of equation
(12). In this case, the boundary condition (16) transforms tat = O.

The solution algorithm

The algorithm applied in this mod& based on the family of methods known
underthe common name alecoupled methods, where the solution of equation (1)
Is obtained in consecutive stages. The main idea of these methods is to solve sequen
tially a number of smallelinear equation systems instead of an iterative solution of
a lager, usually non—linear and slowly congerg one. The free surfagguations
alsosolved in a separate step.rimber of these methods appear under various
namesassplitting schemes (Galland (1991))fractional step schemes (Quartapelle
(1993)),projection methods (Chorin (1968), Gresho (1990), Shen (1993)pres-
sure methods (Bulgarelli (1984), Casulli (1995)).



Thesolution is obtained in subsequent staf@extional step) treatingequations
split into parts which have well-defined mathematical properties, so thatdaste
adequatenethods for a givedifferential operator type can be usegefator—split-
ting). In the particular case of the finite—element method, the decoupled algorithm
structureallowsapplication of equal—order linear interpolation functions for allvari
ableslt is presumed, that theadyzhenskaya—Babuska—Brezzi condition (LBB—con
dition, Brezzi (1991)) is circumvented by the fact that the decoupkttiods do not
requirean incompressibility condition ithe form of an explicit equatio¥ - u = 0
occurring in the global equation set. The incompressibility is asymptotically
achievedoy the convegence of a pressure equation solution.

Thetime derivatives of the variables are split into fractional steps with respect to
the mathematical operat@roperties and treated with appropriate numerical meth
ods:
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In the first step of the non—hydrostatic algorithm liyelrodynamic pressure is
excludedand only the hydrostatic pressure part is taken into consideration. In this

stage(advection—dfusion), the intermediate solution for the velocity fielti = G
is obtained:
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where the source ternfs; are:

Sn

n
Fu= —gvyS"— gVy J.%g;dz - 2Q x u" + qq (19)

4
Accordingto the operator—splitting scheme, this stegealised in two substeps,
advection (hyperbolic) step andfdion (parabolic) stepyhen the method of char
acteristicdor advection, and semi—implicit standard Galerkin Fieldiffusion is
required:
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Whenthe semi—implicit streamline upwind Petrov—Galerkin (SUPG) FEM for
advectionis chosen, the advection andfdsion steps are realisstmultaneously

In general, the intermediate velocity fiald is not solenoidal and its digence is
non-zerolts value yields the source term for the (elliptic) Poissguation for the
hydrodynamigoressure (14), which is solved in the nabgorithm stagecpntinuity
stage) using standard Galerkin FEM with appropriate boundary conditions.

Consequentlythe intermediate solution yielded by the advectioriugibn steps
is corrected by the non—hydrostatic component. This compaeamputed from
the hydrodynamic pressugradients (equation (13)) under the assumption that the
resultingfinal velocity must be divgence—free in the entire domain (incompressible
flow) and satisfies appropriate boundary conditions:
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In this step the formalelocity projection (to the space of divgence—free vectors)
Is performed.

Finally, the free surface is found solving alternatively (5) or (6), whichhgper
bolic equations solved with the method of characteristics or the semi—ingiieiG
FEM. The position of the advancing surface is tracked usibggrangian approach,
wherethemesh is adapted to the position of the free surface at each time step (so—
calledo—mesh).

Model verification

Verification of the algorithm has been performed using a number of benchmark
testcases covering the tted model application domain. They include Bedace
andinternal waves, sub— and supercritical channel flow over a steep ramp, wind— and
buoyancy—driverturrents (Jankowski (1998)). One of the most simple, but impres
sivetest cases is solitary wave propagation in a long channel. The solitary wave, be
ing a non—linear wave of finite amplitude, cannot be described properly in the frame
work of the shallow water equations. A solitary wave is a single elevation of water
surfaceabove an undisturbed surrounding, which is neither preceded nor followed
by any free surface disturbances. Neglecting dissipation, as well as bottom and lateral
boundarysheayra solitary wave travels over a horizontal bottom without changing
its shape and velocityrhe accuracy of the model can be evaluated by comparing the
amplitudeand celerity of the wawith its theoretical values, as well as by observing
the conservation of the wave profile as it travels.



Thereare numerous analytical studies of this form of non—linear finite—amplitude
wave. The first approximation provided by Laitone (1960) is the most frequently
usedfor comparative studies. Farvertical section of an infinitely long channel of
anundisturbed depth h (z=0 at the undisturbed surface), the foll@pimgpximate
formulaefor velocity components u,,iree surface elevatiaf pressure p angdave
celerity c of a solitary wave with a height of H are valid:

u= @%secﬁ[ /4h3(x —~ ct)] (23)

W= \/ﬁ(%) (ﬁ) sech’-[ 4h3(x — ct)]tanr{ 4h3(x —~ ct)] (24)

n=nh+ Hsecl?[ /%%(X - Ct)] (25)

p=pd90 — 2 (26)

= Jog(H + h) (27)

Following the test cases provided by Ramaswamy (1990), a solitary wave de
scribedby the formulae (23)—(27) epplied in a long channel as an initial condition,
andthe behaviour of the solution is observed thereaftee simulation is performed
in a finite domain, so that care must be taken choosing the initial position of the wave
crestin the channel. The fefctive wave lengthh concept is applied. is equal to
twice the length between the wageest and a point where the free surface elevation
Is1(x)=0.01H. According to Laitone:

A= 6.9/% (28)

A long channel 600m long and 6m wide, with a constant depth of h=10 m is taken.
Themesh is 6 elements wide and 600 long, with a resolutitimeinlirection parallel
to the channel axis of 1 m. It consists of 4210 nodes and 7206 element$ireEre
dimensionamesh hasIl equidistantly distributed levels. Inviscid flow without shear
onthe walls and bottons assumed. All boundaries are impermeable. As the initial
conditionthe hydrostatic approximation given by formulae (23)—(27) is applied,



with a wave height of H=2m (H=0.2h) and the initial cigsition isA/2 = 80m away

from thechannel end, according to (28). The time step is taken as condtsitl s,
andthe simulation time 40s (Courant number in the direction of wave propagation
from 0.2 to about 1.0 at the wave crest).

For computation of the free surface elevation in tlea—hydrostatic case the
semi—implicit (Crank—Nicholson coétient 6=0.55) or implicit SUPG methods
basedon the kinematic boundary condition or the conservative free surface equation
areapplied. The hydrodynamic pressure is set to zero at the free surface and free Neu
mannBCs at all other boundaries are imposed.

A comparison between the hydrostatic #&mel non—hydrostatic solution is pro
videdin figure 1. In contrast to the non—hydrostatic modeé& hydrostatic one does
not conserve the shape and amplitude of the solitary wave as it travels.
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Figure 1: Solitary wave propagation in a long channel with a flat bottom. Above:
hydrostatic solution. Below: non—hydrostatic solution found using free surface
computation method based on the kinematic BC solved with implicit SUPG. The
free surface profiles shown for t=0s, 10s, 20s, 30s, and 40s.
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Figure 2: Solitary wave propagation in a long channel with a flat bottom for free
surface computation method based on conservative free surface equation solved
with SUPG. Above: implicit, below: semi—implidi=0.55. The free surface pro

files shown for t=0s, 10s, 20s, 30s, and 40s.

Thefree surface schemes based on the kinematic BC show dispersive properties
with ever—growing oscillations of the free surface behind the wave, while the -conser
vative free surface algorithm is not sensitive to sudeef. They are also much more
sensitiveto the influence of implicitness factBrthan the free surface conservative
equation(Figure 2).

Thereare only a few restrictions limiting the application domafithe non—hy
drostaticfree surface model presented in this papeie to theo—mesh structure,
wherethe mesh nodasiust be situated exactly along a vertical line, not all arbitrarily
choosenthree—dimensional geometries canreproduced. Because of the limita
tions of the height function method, which requitkat the free surface must be de
scribedby a single—valued function, breaking waves cannot be simulated.

Neverthelesshe ability to model three—dimensional hydrodynamical processes
in the vicinity of structures is achieved for several geometries. Babnitrast to the
simulationsused for verification of the non—hydrostatic code which were cawtied
with simplest turbulence models, this aspect attracts more attention here. The second
partof this paper sketches the preliminary considerations and first experieace con
cerning the more sophisticated turbulence modeling.
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Hydrodynamicsin thevicinity of structures

Hydrodynamicabrocesses in the vicinity of structures must be investigated with
largercare fordetails. In technically relevant problems, such flows are always three—
dimensionaland indicate spatially strongly varyimgherent turbulent structures.
Thehorizontal and vertical scales of these flows may be of the same order of magni
tude.Due to the lage vertical velocities and accelerations hydrodynamical models
based on the hydrostatic assumption cannot be applied.

Thehorseshoe vortex at the toe of a body which is induced by the stagmatson
sure at the front, and the coherent turbulent structures (flow separation, periedic vor
tex shedding) at its rear belong to the most important and most interesting physical
phenomenaf flows around structures (i.e. vertical piles and abutments). They are
alsoof practical interest.ypical technical problems directbonnected with these
flows are e.g. thélow and/or wave induced dynamic load of a structure or vibrations
inducedby oscillating loads or alternate separation processes (fluid—structure inter
action).Furthermore the scour processes induced by these flows in the vafinity
structuresare of vital importance in civil engineering.

Turbulence M odeling

Themodeling of these phenomena is demanding for the hydrodynamical-numer
ical model, in particular turbulence modelingvd totally different approaches are
possible. On one hand statistical turbulence models based on the Reynolds averaged
Navier—Stokegquations (RANS) are popular; on the otharge eddy simulations
(LES) based on spatial filtered Navier—Stokes equations have aroused growing inter
estlately.

Statisticalturbulence models are often applied for this tasikthey are not suit
ablebecause they yield both the periodic and the turbdliectuations and therefore
overpredicthe turbulent stresses. time case of LES the turbulentesfts, which are
reproducibleby a given mesknesolution, are directly simulated. Only the subgrid
scaleturbulent stresses are taken into consideration by a turbulence model. -ES con
ceptis very promising, but seems to be too expensive for technically relevant Re
ynold numbers. Recentlyéry Lage Eddy Simulations (VLES) are under develop
ment (Speziale (1998)) which can possibly close thebgapeerRANS and LES.

In order to gather more experience in modeling turbulent phenomena in the vicin
ity of structures flow around a circular cylinder is simulated, because of the broad
availability of the results fronexperimental (e.g. Sumer (1997)) and numerical in
vestigationge.g. Frohlich (1998), Breuer (1998)) for comparisons.
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Examples

As mentioned abovm the standard version ®&lemac3D the turbulent viscosi
tiescan be seto constant values, or obtained from a mixing length model ot a k—
turbulencemodel. In the first test case an experiment was simulated which was car
ried outin a lage wave flumeA solitary wave with a wave height of H=0,80m passes
avertical pile (diameter d=0.70m) (Figure 3). This is one of the most straightforward
casedrom numerous experimental series, whereby the forces induced by breaking
andnon-breaking waves dhe vertical pile were measured. In the model, in a first
attempt constant eddy viscosities for horizontal momentum exchange were chosen,
anda mixing length model for vertical viscosities. As a result two symmetricai recir
culationzones occur in the rear of the cylindeut neither flow separation nor horse
shoevortex (Sumer (1997)) were observed. The forces from the solitary wakie on
pile are not yet calculated.

Vertical Pile

Figure 3: Solitary wave in the Lge Wave Flume in Hannover

In an next step two—dimensional simulations of a circular cylinder (d=0.10m) in
a stationary flow field were carried out wifelemac2D in order to test diérent
component®f LES. The mesh resolution is refined nearby the walls, and no-slip
boundaryconditions for the velocities at the cylinder are prescribed. A two—dimen
sionalversion of the Smagorinski turbulence model is applied. It seems that the two—
dimensionakimulations gives a good representation of the quasi—two—dimensional
mechanismsf the flow separation and the periodic vortex shedding motion (Bouris
(1999),Sun (1996)). The Strouhal number of this period isgoa@d agreement with
experimentadata (St=0.21), as well as the Strouhal number of a square cylinder
(St=0.14) for exact the same modelling conditions. The occurrence of a vortex street
dependsstrongly on the grid resolution (Figure 4).
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Figure 4: Zoom of the computational mesh and resulting flow velocities of a two—
dimensional flow around a circular cylinder (Re=100.000, St=0.21).

Thelast example is included in order to illustrate the direction of future develop
ments(Figure 5). In the same model setting as described above the flow field is calcu
latedwith the three—dimensional hydrostatic code. Sediment transport is calculated
aswell. A horseshoe vortex occurs which is responsibl¢hf@iscour pattern in the
front of the cylinderHowever by first application tests using then—hydrostatic
version,the horseshoe vortex disappears, probably due to incompadiblelary
conditions.The future developments regarding three—dimensional turbulence mod
eling will hopefully improve the results, so it will be possible to simulate flow and
sediment transport in the vicinity of structures under nonstationary conditions.
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Figure 5: Horseshoe vortex in front of a circular cylinder and calculated scour
pattern. The flow field and the related sediment transport is calculated using the
standard code afelemac3D.

Conclusions

Themodel presented in the paper has been developed for dealing with free surface
flows, wherethe hydrostatic approximation is not appropriate. Only a few less im
portantrestrictions concerning the free surface shape and the boundary geometry re
main. The model has been thoroughly verified using typical examples from its aimed
applicationdomain. The further developments are concentrated on more sophisti
cated turbulencemodelling, with the accent on & eddy simulation (LES).
Introductorytests using the two—dimensional model version show that this approach
yields promising results. Howeveiurbulence is a three—dimensiopaenomenon,
sothat the fully three—dimensional approach is required.
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